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Abstract. It is known by A. Loi and R. Piergallini that a closed, oriented, smooth 3-
manifold is Stein fillable if and only if it has a positive open book decomposition. In the
present paper we will show that for every link L in a Stein fillable 3-manifold there exists
an additional knot L′ to L such that the link L ∪ L′ is the binding of a positive open
book decomposition of the Stein fillable 3-manifold. To prove the assertion, we will use
the divide, which is a generalization of real morsification theory of complex plane curve
singularities, and 2-handle attachings along Legendrian curves.
1. Introduction
An open book decomposition of a closed, oriented, smooth 3-manifold is the following:
Let S be a compact, oriented, smooth 2-dimensional manifold with boundary ∂S and h an
automorphism of S which is the identity on ∂S. If a closed, oriented, smooth 3-manifold
M can be obtained from S × [0, 1] by identifying (h(x), 0) and (x, 1) for x ∈ S and (y, 0)
and (y, t) for y ∈ ∂S and all t ∈ [0, 1], then we say thatM has an open book decomposition.
The manifold S is called a fiber surface and ∂S the binding. Note that the binding is a
fibered link in M . An open book decomposition of M is said positive if its monodromy h
consists of a product of positive Dehn twists.
In [S] J.R. Stallings proved that for every link L in S3 there exists a knot L′ such that
L ∪ L′ is the binding of an open book decomposition of S3. Moreover he proved that the
knot L′ can be chosen in such a way that L′ and each connected component of L has an
arbitrarily prescribed linking number. As a corollary, we can conclude that for every link
L in a closed, oriented, smooth 3-manifold M there exists a knot L′ such that L ∪ L′ is
the binding of an open book decomposition of M , see [I, Theorem 7.4].
Now we focus on positive open book decompositions of closed, oriented, smooth 3-
manifolds. The existence of a positive open book decomposition is related to the fol-
lowing Stein fillability. A complex manifold X is called Stein if it admits a strictly
plurisubharmonic function φ : X → R which is proper and bounded below. Each level set
φ−1(c), for c ∈ R, is strictly pseudoconvex, where φ−1(c) is oriented as the boundary of
φ−1((−∞, c]). In the case where the complex dimension of X is 2, we call φ−1((−∞, c])
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a compact Stein surface with boundary, or we may call it simply a compact Stein surface.
A closed, oriented, smooth 3-manifold M is called Stein fillable if there exists a compact
Stein surface φ−1((−∞, c]) such that M = φ−1(c). In the paper [E], Y. Eliashberg gave a
topological characterization of compact Stein surfaces using handle decompositions along
Legendrian curves. Then R.E. Gompf described, in [Gom], the handle decompositions ex-
plicitly using framed Legendrian links and Kirby calculus. Following these studies, A. Loi
and R. Piergallini represented the manifold φ−1((−∞, c]) as branched covers of B4 using
framed Legendrian link presentations of handle decompositions. As a consequence, they
proved that a closed, oriented, smooth 3-manifold is Stein fillable if and only if it has
a positive open book decomposition[Lo-Pi]. Note that a very few examples of non-Stein
fillable 3-manifolds are known, see [Lis1, Lis2].
In the present paper we study what kinds of positive open book decompositions a
closed, oriented, smooth 3-manifold has. Because of the result of Loi and Piergallini, we
can exclude non-Stein fillable 3-manifolds. The main result in this paper is the following:
Theorem 1.1. Let M be a Stein fillable 3-manifold and fix a link L in M . Then there
exists a knot L′ in M \L such that the union L∪L′ is the binding of a positive open book
decomposition of M .
In [Gi-I], W. Gibson and the author proved the theorem for the case where M is S3,
and then in [I] the author proved it for the case where M is either #nS1× S2 or the unit
tangent bundles to closed, oriented surfaces. Since a non-Stein fillable 3-manifold does
not admit any positive open book decomposition, the result in the present paper is the
final solution of this series of studies.
To prove the main theorem we will use divides as we did in [Gi-I] and [I]. A divide is the
image of a generic, relative immersion of a finite number of copies of the unit interval or
the unit circle into the genus-g surface Σg,k with k boundary components. It was originally
defined in the unit disk by N. A’Campo in [AC3] as a generalization of real morsification
theory of complex plane curve singularities[AC1, AC2, GZ1, GZ2, GZ3]. Each divide in
the unit disk determines a link in S3. In [AC3] A’Campo proved that this link is fibered
with positive monodromy diffeomorphism if the divide is connected. To each divide in
Σg,k is assigned a link in the unit tangent bundle to Σg,k if k = 0, S
3 if 2g + k − 1 = 0,
and the connected sum of 2g + k − 1 copies of S1 × S2 if 2g + k − 1 > 0. In [I], it is
proved that the link is fibered if the divide satisfies a certain condition. In the present
paper, we deal with only divides in Σ0,n+1, whose links are defined in S
3 if n = 0 and in
#nS1×S2 if n > 0. Hereafter we set #0S1×S2 = S3 by definition. The fibration theorem
in [I] is proved by constructing a Lefschetz fibration from a compact, connected, oriented
4-manifold to a disk such that the fibration of a divide is induced on its boundary.
For constructing the expected positive open book decomposition of a Stein fillable 3-
manifold we first prepare, using a divide in Σ0,n+1, a Lefschetz fibration over a disk which
induces, on its boundary, a positive open book decomposition of #nS1×S2 whose binding
contains the prescribed link. Due to the work of Eliashberg in [E], it is known that a com-
pact Stein surface can be obtained from a 4-ball with 1-handles by attaching 2-handles
along Legendrian knots with coefficients the canonical framing minus 1 (see [Gom]). Note
that the boundary of the 4-ball with 1-handles is #nS1×S2. For yielding a Lefschetz fibra-
tion after the 2-handle attachings again, we use the method of S. Akbulut and B. Ozbagci
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in [Ak-O], that is, we will find a good position of a fiber surface of the positive open
book decomposition appearing on the boundary of a Lefschetz fibration such that (i) the
links for 2-handle attachings lie on the fiber surface and (ii) their canonical framings co-
incide with the product framings of the Lefschetz fibration. These two conditions ensure
that the 2-handle attachings yield a Lefschetz fibration again and thus, on its boundary,
we obtain the Stein fillable 3-manifold equipped with the expected positive open book
decomposition.
This paper is organized as follows: In Section 2 we introduce the unit disk Dn in R
2
with n holes and define the 3-manifold #nS1 × S2 as the boundary of a small compact
neighborhood of Dn in C
2. In Section 3 we introduce divides in Dn and associated positive
open book decompositions of #nS1 × S2. In the end of this section we briefly explain
how to see the fiber surfaces of the positive open book decompositions associated with
divides. In Section 4 we shortly introduce oriented divides. Section 5 is devoted to the
proof of the main theorem. In Section 6 we propose a conjecture for the future.
I would like to thank Professor Norbert A’Campo for many useful conversations and
suggestions in the preliminary stage of this study.
2. Wave fronts on the unit disk with n holes
Let (x1 + iu1, x2 + iu2) ∈ C2 be the complex valued coordinates of C2 and set D :=
{(x1, x2) ∈ R2 | x21 + x22 ≤ 1} ⊂ R2 ⊂ C2. We denote by Dn the unit disk with n holes
obtained from D by removing n open disks, where n ≥ 0, and by ∂Dn the boundary of
Dn.
We thicken Dn in C
2 as follows: Let Aδ be a small compact neighborhood of ∂Dn in Dn
with width δ > 0 and suppose that δ is sufficiently small. Set Bδ := Dn \ Aδ and thicken
it as Bˆδ := {x+ iu ∈ C2 | x ∈ Bδ, |u| ≤ δ}. Set αδ := ∂Aδ \ ∂Dn and thicken Aδ as
Aˆδ := {x+ iu ∈ C2 | x ∈ Aδ, |u|2 + d(x, αδ)2 ≤ δ2},
where d(·, ·) is the minimal distance of the sets. We then define a thickened disk Nδ(Dn)
of Dn in C
2 by the union Nδ(Dn) := Aˆδ ∪ Bˆδ, which is a compact 4-dimensional manifold
in C2. We denote the boundary of Nδ(Dn) by Mn. It is easy to see that Mn is #nS
1×S2,
which is the connected sum of n copies of S1 × S2 if n ≥ 1 and S3 if n = 0.
According to the decomposition Nδ(Dn) = Aˆδ ∪ Bˆδ, we decompose Mn into two pieces,
∂NA := ∂Aˆδ ∩Mn and ∂NB := ∂Bˆδ ∩Mn. The first piece ∂NA is homeomorphic to a
union of solid tori whose core curves are ∂Dn and the second piece ∂NB is Bδ × S1. We
may regard the second piece as the unit tangent bundle to Bδ. For the sake of simplicity,
we will abbreviate Bδ to B.
When discussing a contact structure in Mn we use the 3-manifold M
′
n := ∂N
′
A ∪ ∂NB
instead of Mn, where ∂N
′
A := {x+ iu ∈Mn | x ∈ Aδ, |u|2 + d(x, αδ)3 = δ2}, since |u| = δ
and |u|2 + d(x, αδ)2 = δ2 are not C2-differentiable at each point in the boundary of ∂NA.
The complex tangency of M ′n ⊂ C2 induces a contact structure ξ in M ′n and we can check
by direct calculation that if δ > 0 is sufficiently small then M ′n is strictly pseudoconvex.
Thus ξ is the standard contact structure in #nS1 × S2 compatible with its standard
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orientation. Here the standard contact structure is the unique tight contact structure in
#nS1 × S2 (up to isotopy). Note that the uniqueness is known in [B, E2].
A contact element on B is a line tangent to B at a point in B. We consider co-oriented
contact elements on B. For each point x ∈ B and local coordinates (x1, x2) in B centered
at x, a co-oriented contact element is represented by the equation
αx := (cosθ)dx1 + (sin θ)dx2 = 0,
where the direction θ is the co-orientation of the contact element. The co-oriented contact
element is a point in the unit cotangent bundle to B and it naturally corresponds to a unit
tangent vector in the unit tangent bundle to B. Thus the space of co-oriented contact
elements on B corresponds to the unit tangent bundle to B, which is the 3-manifold
∂NB . In ∂NB, the contact form α of ξ is given by α|∂NB = −(u1dx1 + u2dx2), where
u21 + u
2
2 = δ
2, and hence the contact structure ξ of ∂NB ⊂M ′n coincides with the contact
structure determined by the co-oriented contact elements on B.
A link in a 3-manifold equipped with a contact structure is called Legendrian if all the
tangent vectors to the link lie on the 2-plane field of the contact structure.
A wave front w in B is the image of a (generic) immersion of a finite number of
copies of the unit circle into B, possibly with cusps, equipped with co-orientation. Each
line tangent to w with co-orientation is a co-oriented contact element and those contact
elements constitute a Legendrian link L in ∂NB . We say that L is the Legendrian link of
w, or w is a wave front representative of L.
Lemma 2.1. Every Legendrian link in Mn has a wave front representative on B up to
Legendrian isotopy.
Proof. Since the piece ∂NA is the union of solid tori, using Legendrian isotopy we can
assume that the Legendrian link stays in ∂NB . Then the assertion is a well-known fact
in contact topology.
3. Fibration theorem of divides in Dn
In this section we introduce divides in Dn and their links and fibrations in #nS
1 × S2.
The idea is based on the works of A’Campo in [AC3, AC4]. Divides in the genus-g surface,
possibly with boundary, have been studied in [I], which contain divides in Dn.
Definition 3.1. A divide P in Dn is the image of a generic, relative immersion of a finite
number of copies of the unit interval or the unit circle into Dn. Each image of the unit
interval (resp. circle) is called an interval (resp. circle) component of P . The generic and
relative conditions are the following:
(i) the image has neither self-tangent points nor triple points;
(ii) each endpoint of an interval component lies on ∂Dn and the interval component
intersects ∂Dn at the endpoints transversely;
(iii) a circle component does not intersect ∂Dn.
An edge of P is the closure of a connected component of P \ {double points} and a
region of P is a connected component of Dn \ P . If a region of P is bounded by only P
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then it is called an interior region, and otherwise it is called an exterior region. For each
exterior region, its intersection with ∂Dn is called the outside boundary.
Definition 3.2. A divide P in Dn is admissible if it satisfies the following:
(iv) P is connected;
(v) each interior region of P is simply connected;
(vi) each exterior region of P is either (a) simply connected and the outside boundary in
that region is connected∗, or (b) an annulus such that one boundary component is a
component of ∂Σg,n and the other is contained in P ;
(vii) P allows a checkerboard coloring, that is, a coloring with two colors, black and white,
such that if two regions of P share an edge of P in their boundaries then they are
painted with different colors.
A Morse function f : R2 → R is a function which has only quadratic singularities.
A maximum (resp. saddle and minimum) of f is a quadratic singularity with Morse
index 0 (resp. 1 and 2). A level set (or an r-level set) of f is the set in R2 given by
Xr := {x ∈ R2 | f(x) = r} for r ∈ R. In particular, if r is a regular value then Xr consists
of disjoint smooth curves in R2 and if r is a critical value of only saddle singularities then
Xr consists of immersed curves in R
2.
Definition 3.3. Let P be an admissible divide in Dn and fix a checkerboard coloring of
Dn \ P . A Morse function fP associated with P is a Morse function fP : R2 → R which
satisfies the following:
(1) the 0-level set of fP coincides with P in Dn and, in particular, 0 ∈ R is either a
regular value or a critical value of only saddle singularities of fP ;
(2) each interior region of P with black (resp. white) color contains one maximum
(resp. minimum) of fP and, in its small neighborhood with coordinates (x1, x2), fP
is locally given by fP (x1, x2) = x
2
1 + x
2
2 (resp. fP (x1, x2) = −x21 − x22);
(3) each double point of P corresponds to a saddle of fP and, in its small neighborhood
with coordinates (x1, x2), fP is locally given by fP (x1, x2) = x
2
1 − x22;
(4) there are no singularities of fP in Dn other than those in (2) and (3);
(5) if the outside boundary of an exterior region of P is exactly a component of ∂Dn
then the outside boundary is contained in a level set of fP ;
(6) if an exterior region of P is not in case (5) then there is just one point, in its outside
boundary, at which a level set of fP intersects ∂Dn tangentially.
For each admissible divide we can describe level sets as shown in Figure 1. The level
sets determine a Morse function fP of P satisfying the above conditions.
For defining a complex valued function FP we prepare a few notations. Let ai, i =
1, · · · ℓ, be the critical points of fP . Suppose that Ui = {x ∈ Dn | |x− ai| < ri}, for some
ri > 0, is the small neighborhood of ai introduced in the condition (2) or (3) above, and
set U ′i = {x ∈ Dn | |x − ai| < r′i}, where ri > r′i > 0. Let χ : Dn → [0, 1] be a positive
C∞-differentiable bump function such that χ(x) = 0 for x ∈ Dn \ ∪ℓi=1Ui and χ(x) = 1
for x ∈ ∪ℓi=1U ′i .
∗The condition ‘the outside boundary in that region is connected’, which was not mentioned in [I], is
necessary for drawing the level sets of an associated Morse function fP .
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D2
fP > 0
fP > 0
fP < 0
fP < 0
−
+
P
Figure 1. An example of an admissible divide P in D2 with level sets
which determine a Morse function fP associated with P .
The complex valued function FP is a map from T (R
2), which is the tangent bundle to
R2, to C defined by
(3.1) FP (x, u) := fP (x) + idfP (x)(u)− 1
2
χ(x)HfP (x)(u, u),
where x ∈ R2, Tx(R2) is the set of tangent vectors to R2 at x, u ∈ Tx(R2), i =
√−1,
dfP (x) is the differential and HfP (x) is the Hessian of fP at x ∈ R2. By setting (x, u) to
be the complex valued coordinates x+ iu in C2 as before, we can regard T (R2) as C2 and
FP as a function from C
2 to C.
Recall that Mn is the 3-manifold #nS
1 × S2 embedded in C2.
Definition 3.4. The link L(P ) of an admissible divide P in Dn is the set in Mn defined
by
(3.2) L(P ) := Mn ∩ F−1P (0).
It can also be defined by
(3.3) L(P ) := {x+ iu ∈Mn | x ∈ P, u ∈ Tx(P )},
where Tx(P ) is the set of tangent vectors to P at x ∈ Dn.
The coincidence of (3.2) and (3.3) is proved in [I, Lemma 4.1]. The expression (3.2)
is important for observing the Lefschetz fibration FP : Nδ(Dn) → C, while the expres-
sion (3.3) will be used when we need to see the position of the link L(P ) relative to the
contact structure ξ.
Theorem 3.5 ([AC3, I]). There is a 3-manifold Mˆn, obtained by an embedded isotopy of
Mn in C
2 fixing the set L(P ), such that the argument map π : Mˆn \L(P )→ S1 defined by
π := FP/|FP | is a locally trivial fibration over S1 and its monodromy diffeomorphism is a
product of positive Dehn twists. In particular, it gives a positive open book decomposition
of Mn with L(P ) the binding.
To prove our main theorem, we need an explicit description of a fiber surface of the open
book decomposition in Theorem 3.5. In the rest of this section we describe it according
to the observation in [AC4].
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Let P be an admissible divide in Dn. The fiber surface over 1 ∈ S1 is determined by
the equation FP/|FP | = 1, which is equivalent to the condition that FP (x + iu) is real
and positive. We denote the fiber surface by F1. Put
P+ := {x ∈ Dn \ ∂Dn | fP (x) > 0, dfP (x) 6= 0}.
The level sets of fP define oriented foliations F+ and F− on P+ such that x + iu ∈ F+
(resp. ∈ F−) if dfP (x)(iu) > 0 (resp. < 0). Put
P+,+ := {x+ iu ∈Mn | x ∈ P+, u ∈ T (F+)}
and
P+,− := {x+ iu ∈Mn | x ∈ P+, u ∈ T (F−)},
where T (F±) is the set of tangent vectors on P+ lying in the same direction as F±. Put
FM := {x+ iu ∈Mn | x =M}
for each maximum M in P+, and also put
Fs,+ := {x+ iu ∈Mn | x = s, HfP (x)(u, u) < 0}
for each double point s of P , which is a saddle point of fP . Finally put
∂D+ := {x ∈ ∂Dn | fP (x) > 0}.
Then the fiber surface F1 is given by the union
F1 = P+,+ ∪ P+,− ∪ ∂D+ ∪
⋃
s∈P
Fs,+ ∪
⋃
M∈P+
FM ,
where the gluings are ruled as shown in Figure 2. In the figure, R is an interior region while
S may be an exterior region, and R± (resp. S±) is the lift of R (resp. S) corresponding
to the foliation F±.
R+
L(P )
P
RM
FM
R−
S−
S+
Fs,+
s F+F−
S
Figure 2. Building up the fiber F1.
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4. Oriented divides
Before starting a proof of the main theorem, we introduce oriented divides in Dn and
their links defined in #nS1 × S2. These will be used for representing the given link L in
the main theorem as we did in [Gi-I] and [I].
Definition 4.1. An oriented divide ~P in Dn is the image of a generic immersion of a
finite number of copies of the oriented unit circle into Dn. Here the generic conditions are
(i) and (iii) in Definition 3.1.
Definition 4.2. The link L(~P ) of an oriented divide ~P in Dn is the set in Mn defined by
L(~P ) := {x+ iu ∈Mn | x ∈ P, u ∈ Tx(~P )},
where Tx(~P ) is the set of tangent vectors to the immersed curve of ~P at x whose direction
is consistent with the orientation of ~P at x.
5. Proof of Theorem 1.1
The key point of the proof of main theorem is to apply the technique of Akbulut and
Ozbagci in [Ak-O] to the fiber surfaces of positive open book decompositions of #nS1×S2
associated with divides in Dn.
We first state a theorem of Eliashberg which characterizes compact Stein surfaces in
words of 2-handle attachings. LetWn be a 4-manifold obtained from 4-ball by attaching n
copies of 1-handles. Note that the boundary ∂Wn of Wn is homeomorphic to #nS
1× S2.
Let K be a Legendrian knot in ∂Wn with respect to a contact structure. The canonical
framing of K is the linking of the knot K and a knot K ′ obtained by pushing-off K into
the direction normal to the 2-plane field of the contact structure.
The following is implicitly given by Eliashberg in [E]. The statement can be found
in [Gom].
Theorem 5.1 ([E], cf. [Gom]). An oriented, compact, smooth 4-manifold with boundary
is a Stein surface if and only if it can be obtained from Wn, for some n ≥ 0, by attaching
2-handles along Legendrian knots Ki, i = 1, · · · , m, with respect to the standard contact
structure in #nS1 × S2, with coefficient the canonical framing minus 1.
Note that every Stein fillable 3-manifold can be obtained as the boundary of a compact
Stein surface.
We need to introduce Lefschetz fibrations for relating the above handle attachings to
positive open book decompositions. Let W be a compact, connected, oriented, smooth
4-manifold. A Lefschetz fibration p : W → ∆ over a disk ∆ is a map such that
• each critical point a of p lies in the interior of W and admits a coordinate neigh-
borhood with complex valued coordinates z := (z1, z2) consistent with the given
orientation of W ;
• in a small neighborhood of each critical point a, the map p is locally given by the
form p(z) = p(a) + z21 + z
2
2 ;
• the orientation of p(z) is consistent with that of ∆;
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• each fiber p−1(c), c ∈ ∆ \ ∂∆, intersects ∂W transversely;
• p−1(∂∆) is contained in ∂W .
A Lefschetz fibration is called allowable if all its vanishing cycles are homologically non-
trivial in the fiber. Note that a Lefschetz fibration p : W → ∆ induces, on its boundary
∂W , a positive open book decomposition of ∂W with binding the set p−1(0) ∩ ∂W .
The total space of a Lefschetz fibration has a canonical handle decomposition charac-
terized by the critical values of the fibration map, see [K, Ak-O]. The following lemma
gives a method for making Lefschetz fibrations by using 2-handle attachings.
Lemma 5.2 ([Ak-O] Remark 1). Let p :W → ∆ be an allowable Lefschetz fibration over
a disk ∆. Suppose that W ′ is obtained from W by attaching a 2-handle with coefficient
the product framing minus 1. Then this 2-handle attaching induces an allowable Lefschetz
fibration p′ : W ′ → ∆′ over a disk ∆′.
In [Ak-O], Akbulut and Ozbagci gave a proof of the existence of a positive open book
decomposition for every Stein fillable 3-manifold. The main idea in their proof is to find
a good position of the fiber surface of a torus knot in S3 such that, for each i = 1, · · · , m,
Ki stays on the surface and the product framing of Ki coincides with tb(Ki). We will use
the same strategy later.
Now we give a proof of the main theorem.
Proof of Theorem 1.1. Let W be a Stein surface whose boundary is the prescribed Stein
fillable 3-manifold, denoted by M . Let L denote the given link in M . We suppose that W
is obtained from Wn by attaching 2-handles Hi along Legendrian knots Ki, with respect
to the standard contact structure in ∂Wn, with coefficients tb(Ki)−1, where i = 1, · · · , m.
Using regular isotopy, we can isotope the link L in ∂W so that it does not intersect the
2-handles ∪mi=1Hi. Thus we can assume that L is a link in (#nS1 × S2) \ (∪mi=1Ki).
Recall that the 3-manifold Mn is the boundary of a small compact neighborhood of Dn
in C2 and homeomorphic to #nS1 × S2. We have seen that Mn has the decomposition
Mn = ∂NA ∪ ∂NB and the piece ∂NB can be regarded as the unit tangent bundle to
B, where B ⊂ Dn is the complement of a small compact neighborhood of ∂Dn in Dn.
As mentioned in Lemma 2.1, each Legendrian knot Ki has a wave front representative
wi on B. We set K := ∪mi=1Ki and w := ∪mi=1wi. We can also get an oriented divide
representative of the link L on B.
Claim 5.3. Every link in Mn has an oriented divide representative in B up to regular
isotopy in Mn \K.
Proof. The claim is similar to Theorem 1.1 in [Gi-I] and can be proved by using the same
technique (cf. [I, Ch-Gor-Mu]). We here explain roughly how to prove this claim. Let L
denote the given link in Mn. Using regular isotopy, we assume that L is included in ∂NB.
If we think of ∂NB as the unit tangent bundle to B, the link L corresponds to a continuous
assignment of vectors with length δ > 0 and based on a curve C in B. By setting L in a
generic position, we can assume that the curve C consists of generically immersed circles
in B. Assign an orientation to each component of C and isotope the vectors so that they
are in the same direction as the orientation of C except over a finite number of short
intervals. Here we first isotope the vectors in a neighborhood of the double points of C
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and in a neighborhood of the intersection points of C and w and then isotope the vectors
on the other parts so that the short intervals are included in C \ ({double points} ∪ w).
The proof is done by replacing each short interval by a small loop such that the move of
tangent vectors to the small loop is consistent with the move of the vectors of the isotoped
continuous assignment of vectors corresponding to the link L.
Thus we have a wave front representative w of K and an oriented divide representative,
denoted by ~P , of L on B. Using Legendrian isotopy for K and regular isotopy for L, we
can assume that the union of immersed curves of these representatives has only node and
cusp singularities. Note that the co-orientation of w and the orientation of ~P can not be
in the same direction at each intersection of the immersed curves of w and ~P since the
links K and L = L(~P ) do not intersect each other.
Now we regard the immersed curve of ~P as a divide in Dn and denote it by P . We
then add another divide P ′ to P so that P ∪ P ′ satisfies the admissible conditions. Let
a1, · · · , ar be the intersection points of w and ~P , b1, · · · , bs the self intersection points
of w, and let c1, · · · , ct be the cusp singularities of w. Let Uj (resp. Vk and Wℓ) be a
sufficiently small neighborhood of aj (resp. bk and cℓ).
Next we make a new divide Pˆ from P ∪ P ′ according to the following rules:
(1) add an immersed curve parallel to P ∪ P ′;
(2) outsideWℓ, write two immersed curves parallel to w in such a way that w lies between
the two parallel curves;
(3) in Uj, if the argument between the orientation of ~P and the co-orientation of w is
less than π/2 and ~P stays in the left-side line with respect to the co-orientation of
w, then add two crossings to the vertical two parallel curves near Uj , as shown on
the left and center in Figure 3, so that ~P stays in the right-side line in Uj ;
(4) if a region of the divide obtained according to steps (1) and (2) intersects a neigh-
borhood Uj and the boundary ∂Dn then add a crossing to the two parallel curves as
shown on the right in Figure 3;
(5) if a region of the divide obtained intersects two neighborhoods Vk and Vk′ (possibly
Vk = Vk′) then add a crossing to the two parallel curves as shown on the left in
Figure 4;
(6) inside each Wℓ, we define Pˆ as shown on the right in Figure 4.
Note that the divide Pˆ is admissible and contains P ∪P ′. In particular, the link L = L(~P )
is still contained in the binding of the positive open book decomposition associated with
the divide Pˆ .
We remark that Pˆ and w may intersect orthogonally in Vk. In this case, since the co-
orientation of w is tangent to Pˆ at the orthogonal intersection point, the link K intersects
a component of L(Pˆ ), but this is not a component of L = L(~P ) since ~P does not pass
through the neighborhood Vk.
By changing the sign of fPˆ if necessary, we assume that fPˆ > 0 in the regions between
the two parallel curves described in the above steps outside Uj , Vk and Wℓ. Let F1 denote
the fiber surface, over 1 ∈ S1, of the positive open book decomposition associated with
the admissible divide Pˆ . As explained in Section 3, the surface F1 can be understood as
the closure of the foliations F± on the regions P+.
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w
Pˆ
Uj
w
Pˆ
Uj
w
Pˆ
Uj
∂Dn
Figure 3. The left and center figures show the addition of two crossings
in both sides of Uj. The divide Pˆ is represented by thick curves and w is
represented by co-oriented thin ones. The orientation written on the curve
of Pˆ represents that of ~P . The right figure shows the addition of a crossing
between Uj and ∂Dn.
w
Pˆ
Wℓ
w
Vk
w
w
Vk′
Pˆ
Figure 4. The left figure shows the addition of a crossing to the two
parallel curves between Vk and Vk′. The right figure is the divide Pˆ inside
Wℓ.
We will move the surface F1 so that the link K stays on it. During the move, L = L(~P )
can not intersect K though the other components of L(Pˆ ) can intersect it. Since it is
difficult to draw figures of the surface moved, we describe the position of K relative to
the moved surface, that is, we fix the divide Pˆ and its foliations F±, which represent the
surface F1, and describe the move of K by a family wˆt, t ∈ [0, 1], of immersed curves with
continuous assignment of vectors such that wˆ0 = w, where the continuous assignment of
vectors is the co-orientation of w when t = 0 but it is not necessary to be orthogonal to the
immersed curves when t > 0. We call such a curve a swinging wave front representative.
Since L = L(~P ) can not intersect K during the move, the swinging co-orientation of
wˆt can not lie in the same direction as the orientation of ~P at each intersection point of
~P and wˆt. Also, at each self intersection point of wˆt the two swinging co-orientations can
not be in the same direction otherwise the isotopy type of K may change.
Now we move the surface F1 to another surface Fˆ1 under the above rules so that K is
realized, at t = 1, by the swinging wave front representative wˆ (= wˆ1) described in the
following: If there exists the curve of w in an interior region not included in Uj , Vk and
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Wℓ then we set wˆ as shown in Figure 5. Here we do not need to swing the co-orientation,
i.e. we do not need to move the surface F1. The dots represent the maxima of the interior
regions and the dotted circles centered at the maxima are the level sets of fPˆ . The wave
front representative wˆ is, at each point, either tangent to a level set of fPˆ or passing
though a maximum. Hence the link K is on the fiber surface Fˆ1 in this part.
wˆ
maximum
PˆPˆ
wˆ
Uj , Vk or Wℓ
maximum
Vk Vk′
Figure 5. The swinging wave front representative wˆ outside Uj, Vk and Wℓ.
We set wˆ inside Uj as shown on the left in Figure 6. If w runs from top-left to bottom-
right in Uj then we need to consider the mirror image of the figure. For making the figure
to be simple, we did not draw the level sets of fPˆ , cf. Figure 5. We set the swinging co-
orientations of wˆ to be tangent to the level sets of fPˆ outside the quadratic singularities.
Then by observing wˆ and F± we can conclude that K lies on Fˆ1 in this part.
Vk
maximum
maximum
wˆ
Pˆ
Pˆ
w
Uj
Figure 6. The swinging wave front representative wˆ inside Uj and Vk.
We need to check that there is no intersection of K and L during the move wˆt. An
intersection of K with L(Pˆ ) occurs if the swinging co-orientation of wt and the tangent
direction to Pˆ coincide at an intersection point of wˆt and Pˆ . By observing the family
wˆt in Uj , we can verify that the intersection occurs once over the left vertical curve of Pˆ
described on the left in Figure 6. Since we have set in step (3) that the curve of ~P is the
right vertical line in the figure, we can conclude that there is no intersection of K and
L = L(~P ) over Uj during this move.
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We also need to check if there really exists the maximum which wˆ passes and if there is
no conflict with other neighborhoods. First note that the region containing the maximum
does not connect to Vk and Wℓ since wˆ does not passes though Uj vertically in the figure.
If the region is connected to the boundary ∂Dn then there is a maximum due to step (4).
The rest is the case where it is connected to a neighborhood Uj′. If Uj = Uj′ then the
union of the region and Uj constitutes an embedded annulus in Dn and wˆ intersects it
once transversely, which contradicts the fact that wˆ consists of closed curves. Hence we
can assume that Uj 6= Uj′. If the co-orientation of w in Uj′ is in the same direction as
that of w in Uj (along the vertical curves of Pˆ in the figure) then wˆ in Uj′ passes through
a maximum different from the one corresponding to Uj. Hence we can observe Uj and Uj′
independently. If the co-orientation of w in Uj′ is in the opposite direction to that of w in
Uj then wˆ in Uj′ passes through the same maximum as the one corresponding to Uj . But
we can also observe Uj and Uj′ independently since the co-orientations are in the opposite
directions.
Inside Vk, we set wˆ as shown on the right in Figure 6. The figure of Vk is in the case
where the co-orientation of the vertical component of w is in the right direction. If it is
opposite then we need to consider the mirror image of the figure. We can see that K lies
on Fˆ1 as in the case of Uj and that there is no intersection of K and L during the move
wˆt since ~P does not pass through a neighborhood of type Vk. We can also check that
the two strands of K corresponding to the vertical and horizontal curves of wˆ in Vk do
not intersect each other during this move. Since w passes between both the vertical and
horizontal parallel curves of Pˆ in Vk, these curves connect to either the horizontal curves
in Uj on the left in Figure 6, or parallel curves in Vk′ (possibly Vk = Vk′), or those in Wℓ.
Obviously, the maxima which wˆ passes do not conflict with those corresponding to Uj,
and they also do not conflict with Vk′ by the setting in step (5). Hence we can observe
each Vk independently.
Inside Wℓ, we set wˆ as shown in Figure 7. The figure is in the case where the co-
orientation is in the upper direction. If it is opposite then we change the co-orientation in
the figure into the opposite direction. As in the previous cases, we can easily check that
K lies on Fˆ1 in the figure.
Thus we got the move from F1 to Fˆ1 without intersection of K and L = L(~P ) such that
K lies on the surface Fˆ1.
The product framing of Ki associated with the Lefschetz fibration is the framing of Ki
obtained by pushing-off it in the direction normal to the fiber surface Fˆ1. We now prove
that this framing coincides with the canonical framing of Ki.
Claim 5.4. For each i = 1, · · · , m, the product framing of Ki coincides with the canonical
framing of Ki.
Proof. Let v be a component of wˆ. We assign an orientation to v and put the labels
p1, q1, p2, q2, · · · , pr, qr to the maxima of fPˆ and the cusps and double points of Pˆ according
to the orientation. Since the double points appear at every other label, we can assume
that pi is either a maximum or a cusp, and qi is a double point. We then separate v into
r intervals I1, · · · , Ir in such a way that Ii contains the pair of points pi and qi.
We first prove the coincidence of the framings for each interval Ii with pi a maximum.
Instead of pushing-off the link of v in the direction normal to Fˆ1, we shift it on Fˆ1 into
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the maximum
Pˆ
wˆ
Wℓ
Figure 7. The swinging wave front representative wˆ inside Wℓ.
one of the possible directions. This can be represented by using a swinging wave front
representative as shown on the top in Figure 8. This swinging wave front representative
can isotope as shown on the bottom in the figure. By setting the isotoped swinging co-
orientation to be orthogonal to the immersed curve, we can see that the curve is the one
obtained by pushing-off the swinging wave front representative wˆ in the direction of the
co-orientation, which means that the corresponding link can be obtained from the link of
wˆ by pushing-off it in the direction normal to the 2-plane field ξ. Hence the two framings
coincide in this part.
Figure 8. Shift wˆ on Fˆ1.
Around each Vk there are three self intersection points of wˆ as seen on the right in
Figure 6, and there is no other self intersection of wˆ in Dn. For each Vk, we can consider
the two curves of wˆ independently since the difference of the co-orientations of these two
curves are at least π/2 degree and we need to swing them a very little during the shift in
Figure 8. Hence the coincidence of the framings follows from the above observation.
The coincidence of the framings for each interval Ii with pi a cusp can be proved by
the same argument. The shift of v on Fˆ1 is represented as shown in Figure 9 (a). The
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maximum
Pˆ
Wℓ
wˆ
maxumum
(a)
(b) (c) (d)
s
v′
v
Figure 9. Shift wˆ on Fˆ1 near a cusp.
isotopy move of the swinging wave front representative from (a) to (b) is the same move
as in Figure 8. Denote by v′ the swinging wave front representative obtained by the shift,
see the figure (b). We assume that on the segment s in v′ specified in the figure (b) the
swinging co-orientation lies in the right direction. Then we move the curve of v so that the
cusp comes under the cusp of v′. This move does not change the linking of the links of v
and v′ since all the swinging co-orientations on s lie in the right direction and no swinging
co-orientation of v lies in that direction. Thus we obtain the figure (c). Finally we obtain
the figure (d) by swinging the co-orientations of v and v′ so that they are orthogonal to
the immersed curves of v and v′ respectively. This move does not change the linking of
the links of v and v′ since the two co-orientations at the intersection point of v and v′
do not intersect each other during the move. Thus we can see that the curve is the one
obtained by pushing-off the swinging wave front representative wˆ in the direction of the
co-orientation, and hence the two framings coincide.
We continue the proof of main theorem. In [I] we introduced the Lefschetz fibration
associated with a divide in Dn and obtained the fibration in Theorem 3.5 on its boundary,
and we can easily check that this Lefschetz fibration is allowable. Hence, by the coin-
cidence of the two framings in Claim 5.4, we can conclude that the 2-handle attachings
along w, which yield the compact Stein surfaceW , also produce a new allowable Lefschetz
fibration by Lemma 5.2. The boundary of W is the Stein fillable 3-manifold M expected
and it has a positive open book decomposition associated with the Lefschetz fibration.
As already mentioned, the link L is contained in the binding of the positive open book
decomposition of Mn associated with Pˆ . Since the 2-handle attachings do not change the
binding, L is still contained in the binding of the positive open book decomposition of M
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associated with the Lefschetz fibration. Suppose L ∪ L′ is the binding. Then, as we did
in [I], we can modify the positive open book decomposition by plumbing positive Hopf
bands so that the binding is the union of L and a knot in M \ L (cf. [S, Ha, Ga]). This
completes the proof of Theorem 1.1.
6. A conjecture
The main theorem of this paper suggests that we can freely choose the bindings of
positive open book decompositions of Stein fillable 3-manifolds and the level of freedom
is higher than the complexity of links in the 3-manifolds. Since every closed, oriented,
smooth 3-manifold has an open book decomposition[Al], it is natural to ask if any 3-
manifold has such freedom of the bindings. We here propose a conjecture concerning this
question.
Conjecture 6.1. Let Mk, k ≥ 0, be the set of closed, oriented, smooth 3-manifolds
which have open book decompositions whose monodromies contain at most k negative Dehn
twists. Suppose that a 3-manifold M is in Mk \Mk−1 (here we set M−1 = ∅). Then for
any link L in M there exists a knot L′ such that L ∪ L′ is the binding of an open book
decomposition of M whose monodromy contains exactly k negative Dehn twists.
When k = 0, M0 is the set of Stein fillable 3-manifolds and hence the conjecture is
true by our main theorem. However we know nothing about the class Mk \ Mk−1 for
k ≥ 1. For instance, it is already an interesting problem to ask the minimal numbers of
negative Dehn twists of open book decompositions of the non-Stein fillable 3-manifolds
known in [Lis1, Lis2].
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